A face gear drive with a spur involute pinion is considered. The generation of the face gear is based on application of a grinding or cutting worm whereas the conventional method of generation is based on application of an involute shaper. An analytical approach for determination of: (i) the worm thread surface, (ii) avoidance of singularities of the worm thread surface, (iii) dressing of the worm, and (iv) determination of stresses of the face-gear drive, is proposed. A computer program for simulation of meshing and contact of the pinion and face-gear has been developed. Correction of machine-tool settings is proposed for reduction of the shift of the bearing contact caused by misalignment. An automatic development of the model of five contacting teeth has been proposed for stress analysis. Numerical examples for illustration of the developed theory are provided. 
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Introduction
A face gear drive with intersected axes formed by a spur pinion and conjugated face gear is considered. The advantages of application of face gear drives in helicopter transmissions (Fig.1) are the possibility of the split of the torque and reduction of weight. The existing design of face gear drives is based on application of an involute spur pinion of the drive. A substantial step in the technology of face-gear drives is the development of grinding (and hobbing) of face gears by a grinding worm (a hob, respectively) [14] .
The contents of the paper cover:
(1) A brief summary of the existing geometry and output of TCA (Tooth Contact Analysis) computer program developed for simulation of meshing and contact.
(2) Concept of generation of face-gears by grinding or cutting worm, analytical derivation of worm thread surface, its dressing and avoidance of undercutting of the worm generated by the shaper.
(3) Stress analysis of face-gear drives. A model with five contacting teeth is developed automatically.
The performed research is based on application of modern theory of gearing that has been a subject of research by V. A. Zalgaller [21] , [22] , N. Stosik [18] , [19] , [20] , G. Bar [4] , G. I. Shevelova [16] , Baummann [3] , Stadtfeld [17] and F. L. Litvin and his followers [1] , [2] , from [7] to [13] . The developed theory is illustrated with numerical examples.
Geometry of Existing Design
Generation of Face-Gear. The conventional method of generation of the face-gear is based on application of an involute shaper. The process of generation is based on simulation of meshing of the face-gear with the involute shaper. The authors have considered as well a prospective method for generation of the face-gear by a worm that might be applied as a grinding worm or a hob (section 3).
Localization of Contact.
Localization of the bearing contact between the tooth surfaces of the involute pinion and the face gear is achieved as follows:
1. The face-gear may be determined as the envelope to the family of surfaces of an involute shaper with tooth number sections of the face-gear tooth are shown in Fig. 3 (b). Investigation shows that the surface points of the face-gear are hyperbolic ones. This means that the product of principal curvatures at the surface point is negative. The fillet of the face-gear tooth surface of a conventional design (Fig. 3) is generated by the edge of the shaper. The authors have proposed to generate the fillet by a rounded edge of the shaper as shown in Fig. 4 that allows the bending stresses to be reduced approximately in 10%. The shape of the modified fillet of the face gear is shown in Fig. 5 .
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The length of the face-gear teeth has to be limited by dimensions 1 L and 2 L (Fig. 6 ) to avoid [8] : (i) undercutting in plane A, and (ii) tooth pointing in plane B. The permissible length of the face-gear tooth is determined by the unit less S are rigidly connected to the pinion and the frame of the face-gear drive, respectively ( Fig. 7(a) ). To simulate the misalignment of the face-gear, we use auxiliary coordinate systems q S ( Fig. 7(b) ), d S and e S ( Fig. 8(a) ). The location of q S with respect to f S is shown in Fig. 7 S and e S are shown in Fig. 8(a) . The face-gear performs rotation about the e z axis (Fig. 8(b) ). (Fig. 8(a) ).
Numerical Example 1.
The output of TCA has been obtained for a face gear drive with the following data:
Pinion tooth number 
Application of Generating Worm
Concept of Generating Worm. The conventional method for generation of a face-gear is based on:
(i) Application of an involute shaper, and
(ii) Manufacturing of face-gear based on simulation of meshing of the shaper and the face-gear being generated.
Edward W. Miller has proposed in 1942 the generation of the face-gear by a hob [15] . The rational part of his patent was the idea of consideration of internal meshing of the hob with the pinion of the face-gear drive. However, the patent did not provide the necessary conditions of conjugation of the tooth surfaces of the hob, the pinion, and the face-gear, directions of worm design, and avoidance of worm singularities. Therefore, undercutting of the face-gear and impermissible deviations of the face-gear tooth surface from the theoretical one could not be avoided.
The next step was done by the patent proposed by Litvin et al. [14] that has provided the exact determination of the thread surface of a generating worm that might be applied for grinding and cutting of face-gears.
This paper covers the solution to the following problems of the design of a grinding worm: ( 2 ) where ps r is the radius of the pitch circle of the shaper.
The derivation of crossing angle w λ is based on the following procedure:
Step 1: We consider initially the tangency at P of surfaces that are equidistant to s Step 2: The worm surface w Σ is determined in coordinate system w S (Fig. 11) by the following equations [8] ( 8 ) where s N is the number of teeth of the shaper. It is assumed that a one-thread worm is applied. Figure 13 shows a schematic illustration of meshing of the shaper and the worm.
Equation of meshing (7) may be represented as well as [7] , [8] , [9] . Σ may be represented in form of two parameters by using the theorem of implicit function systems existence [6] , [21] . 
Determination of 2
Σ
Step 1: The derivation of the face-gear surface 2 Σ is based on the following considerations:
The shaper and the face-gear perform rotations about intersected axes s z and 2 z that form angle m γ in a non-orthogonal face-gear drive (Fig. 12) . Rotations of the shaper and face-gear are performed in a fixed coordinate system m S ; m z is the designation of the axis of rotation of the face-gear (Fig. 12 ).
(ii) Face-gear tooth surface 2 Σ is determined in coordinate system 2 S by the following equations Equation (12) (9), might be applied as well.
Step (11)). (ii) Fixed coordinate system m S where we consider the rotation of the face-gear (Fig. 12) (iii) Movable coordinate system w S rigidly connected to the worm (Fig. 11 ) and coordinate system 2 S rigidly connected to the face-gear.
Generation of Surface

Surface 2
Σ of the face-gear generated by the worm is determined by the following equations [7] , [8] (17) and (18) represent the two equations of meshing of the two parameter enveloping process of generation. The cross-product of vectors in equations (17) and (18) Fig. 17(b) ), respectively. Instantaneous point M of tangency of worm and face-gear tooth surface is the point of intersection of lines I and II (Fig. 17(c) Σ by the shaper. Certainly, the computation of 2 Σ by the mentioned equations will provide the same numerical results.
Avoidance of Singularities of Worm Thread Surface.
The worm thread surface has to be designed as a regular one.
Surface point M is a singularity one if the surface normal is equal to zero at M . Determination of surface singularities is a complex problem for a surface represented by three related parameters, such as the worm thread surface (see equations (6) and (7) (21) are represented in coordinate system s S .
(2) We apply in addition to equation (21) the differentiated equation of meshing (7) (21) and (22) Step 1:Using equation of meshing (7), we are able to determine the lines of contact of the shaper and the worm in the plane of shaper parameters ( )
as functions of the generalized parameter s ψ . Fig. 18 illustrates such lines for both sides of shaper space.
Step 2: Using equation (24), we may determine the image of worm singular points in plane ( ) s s s u ψ θ , , (Fig. 18 ).
Step 3: Using equations (7) and (24) and equations of the shaper tooth surface, we may determine the lines of shaper regular points that generate the worm singularities.
Step 4: Using coordinate transformation from the shaper surface to the worm thread surface, we may determine: (i) regular points A on the shaper surface ( Fig. 19(a) ), and (ii) singularity points B on worm surface (Fig. 19(b) ) that are generated by points A. Only one line of worm singularity points is represented in Fig. 19(b) due to limitations of rotation angle of the worm.
Singularities of the worm may be avoided by limitation of worm threads as shown in Fig. 19(b) .
Dressing of the Worm. The worm dressing is based on generation of its surface w Σ point by point by a plane or by a conical disk that has the same profile that the rack-cutter that generated the shaper. The execution of motions of the disk or the plane with respect to the worm is accomplished by application of a CNC machine. The determination of instantaneous installments of the grinding disk with respect to the worm requires application of a computer program. The algorithm of the program is based on the following considerations:
(1) The worm thread surface w Σ is determined as the envelope to the family of shaper surfaces as follows: 
The computational procedure is as follows:
Step 1:
Step 2: Assign s u and obtain s ψ from ( )
Step 
Step 5: The data ( w x , w y , w z , w n ) is sufficient for the installment of the tool (a plane or a disk) using a CNC machine.
Numerical example. The worm design parameters considered for this example are represented in Table 1 . (7) and (24) For the considered numerical example the first singularity point (Fig. 18) . Such a point is located at the bottom of the thread of the worm as shown in Fig. 19(b) . This is the maximum value for s ψ that allows to generate a worm with regular points only. The corresponding worm rotation angle is o = 549 w ψ that corresponds to 549 / 360 = 1.5 threads of the worm. Considering the two limitations for both sides, we obtain 3.0 as the maximum number of threads.
Stress Analysis
Introduction The goals of stress analysis represented in this section are:
Comparison of bending stresses at the fillet of two versions of face gear design: of the edged and rounded fillets (Fig. 4) .
(ii) Determination of contact and bending stresses and investigation of formation of the bearing contact during the cycle of meshing.
The performed stress analysis is based on finite element method [23] and application of general purpose computer program [5] . Finite element method [23] requires the development of a finite element mesh, definition of slave and master contacting surfaces and establishment of boundary conditions.
The authors' approach for application of finite element analysis has the following advantages:
(a) The generation of finite element models is performed automatically by using the equations of the tooth surfaces and taking into account the corresponding fillets and portion of the rim. Loss of accuracy due to the development of solid models by using CAD computer programs is avoided.
(b) The proposed approach does not require an assumption of load distribution in the contact area. The contact algorithm of the general purpose computer program [5] is used to get the contact area and stresses by application of the torque to the pinion. The gear is considered at rest.
(c) Finite element models are developed numerically at the chosen contact point of the path of contact. Stress convergence is assured because there is at least one point of contact between the contacting surfaces.
(d) Finite element models of five pairs of teeth are applied and therefore the boundary conditions are far enough from the loaded areas of the teeth.
Development of Finite Element Models.
The development of finite element models using CAD computer programs is time expensive, requires skilled users for application of computer programs and has to be done for every case of development of gear geometry and the position of meshing desired for investigation. The approach developed is free of all these disadvantages and is summarized as follows:
Step 1: Using the equations of both sides of tooth surfaces and the portions of the corresponding rim, we may represent analytically the volume of the designed body. Fig. 20(a) shows the designed body for one-tooth model of the pinion of a face-gear drive.
Step 2: Auxiliary intermediate surfaces 1 to 6 as shown in Fig. 20(b) can be determined. Surfaces 1 to 6 divide the tooth in six parts and control the discretization of these tooth subvolumes into finite elements.
Step 3: Analytical determination of node coordinates is performed taking into account the number of desired elements in longitudinal and profile directions (Fig. 20(c) ). We emphasize that all nodes of the finite element mesh are determined analytically and the points of intermediate surfaces of the tooth belong to the real gear tooth surfaces.
Step 4: Discretization of the model by finite elements (using the nodes determined in previous step) is accomplished as shown in Fig. 20(d) .
Step 5: Setting of boundary conditions for the gear and the pinion are accomplished automatically under the following conditions:
(i) Nodes on the two sides and bottom part of the portion of the gear rim are considered as fixed ( Fig. 21(a)) (ii) Nodes on the two sides and the bottom part of the pinion rim form a rigid surface ( Fig. 21(a) and 21(b) ). Such rigid surfaces are three-dimensional structures that may perform translation and rotation but cannot be deformed. Step 6: The contact algorithm of the finite element analysis computer program [5] requires definition of contacting surfaces. The proposed approach identifies automatically all the elements of the model required for the formation of such surfaces.
The contact algorithm requires as well definition of master and slave surfaces. Generally, the choosing of a master surface is based on the following considerations [5] : (i) it is the surface of the stiffer body of the model, or (ii) the surface with coarser mesh if the contacting surfaces are located on structures with comparable stiffness. We have chosen for stress analysis the gear and pinion tooth surfaces as the master and slave ones, respectively.
Numerical Example. The finite element analysis has been performed for two versions of face gear drives of common design parameters represented in Table 3 . The versions correspond to face gear drives with conventional and rounded fillet, respectively ( Fig. 23 shows the model of the gear drive applied for stress analysis.
Figs. 24 and 25 show the maximum contact and bending stresses obtained at the mean contact point for gear drives of two versions of fillet (see Fig. 4 ). It is confirmed that the bending stresses are reduced more than 10% for the face-gear with a rounded fillet in comparison to the fillet generated by the edge of the shaper.
The stress analysis performed has been complemented with investigation of formation of the bearing contact (Figs. 25  and 26) . The results obtained show the possibility of an edge contact in face gear drives by application of involute pinion. Avoidance of edge contact requires the changing of the shape of the pinion profiles. 
Conclusions
Based on the research performed , the following conclusions may be drawn:
(1) An analytical approach for determination of the worm thread surface, avoidance of singularities and worm dressing have been proposed.
(2) Computer programs for generation of face gears by application of grinding or cutting worms have been developed. These computer programs cover also tooth contact analysis and stress analysis of face gear drives.
(3) Automatization of the development of finite element models is proposed and the most time-consuming step in application of finite element analysis, the design of contacting models by using CAD computer programs, is avoided.
(4) Generation of face gears by a shaper or grinding worm with rounded top edge is proposed to reduce bending stresses. Computations confirm that the bending stress can be reduced approximately 10%. 
